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Abstract
We provide an axiomatic approach to the theory of local tangent cones of reg-
ular sub-Riemannian manifolds and the differentiability of mappings between such
spaces. This axiomatic approach relies on a notion of a dilation structure which is
introduced in the general framework of quasimetric spaces. Considering quasimet-
rics allows us to cover a general case including, in particular, minimal smoothness
assumptions on the vector fields defining the sub-Riemannian structure. It is impor-
tant to note that the theory existing for metric spaces can not be directly extended
to quasimetric spaces.
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1 Introduction
We study algebraic and analytic properties of quasimetric spaces endowed with dilations
(roughly speaking, dilations are continuous one-parameter families of contractive homeo-
morphisms given in a neighborhood of each point).
Our work is motivated by investigation of metric properties of Carnot-Carathe´odory
spaces, also referred to as sub-Riemannian manifolds which model nonholonomic processes
and naturally arise in many applications (see e. g. [1, 2, 5, 11, 12, 25, 27, 18, 29, 32, 36,
39, 45, 49] and references therein).
Let us first recall the “classical” definition of a sub-Riemannian manifold. Given a
smooth connected manifold M of dimension N and smooth “horizontal” vector fields
X1, . . . , Xm ∈ C
∞ on M (where m ≤ N), it is assumed that these vector fields span,
together with their commutators, the tangent space to M at each point (Ho¨rmander’s
condition [27]). By Rashevskiˇı-Chow’s Theorem, any two points of M can be connected
by a horizontal curve and, therefore, there exists an intrinsic sub-Riemannian metric dc
on M defined as the infimum over lengths of all horizontal curves.
Recently discovered applications have lead to considering a more general situation
[28, 29, 46, 54, 55, 56] when
1) a maximal possible reduction of smoothness of the vector fields is made (see also
[4, 22, 35]);
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2) instead the Ho¨rmander’s condition, a weaker one of a “weighted” filtration of TM
(see Definition 10) is assumed (see also [17, 18, 22, 39, 49]).
Under these general assumptions, the intrinsic metric dc might not exist, but a certain
quasimetric (a distance function meeting a generalized triangle inequality, see Definition
1) can be introduced (see [39] where various quasimetrics induced by families of vector
fields on RN were studied).
On the other hand, recent development of analysis on general metric spaces has lead
to the question of describing the most general approach to the metric geometry of sub-
Riemannian manifolds. Among possible approaches is considering metric spaces with
dilations [2, 6, 9, 18].
Motivated by these considerations, we extend the notion of a dilation structure to
quasimetric spaces and investigate local properties of the obtained object.
In 1981 M. Gromov has defined [23, 24] the tangent cone to a metric space (X, d) at a
point x ∈ X as the limit of pointed scaled metric spaces (X, x, λ·d) (when λ→∞) w. r. t.
Gromov-Hausdorff distance. This notion generalizes the concept of the tangent space to a
manifold and is useful in the general theory of metric spaces (see e. g. [3, 11, 13, 15, 43]),
in particular, Carnot-Carathe´odory spaces [32, 34].
A straightforward generalization of Gromov’s theory would make no sense for quasi-
metric spaces, see Remark 6. In [46, 47] a convergence theory for quasimetric spaces with
the following properties was developed:
1) it includes the Gromov-Hausdorff convergence for metric spaces as a particular case;
2) the limit is unique up to isometry for boundedly compact quasimetric spaces;
3) it allows to introduce the notion of the tangent cone in the same way as for metric
spaces.
In [47] the existence of the tangent cone (w. r. t. the introduced convergence) to
a quasimetric space with dilations is proved (see Definition 2, Axioms (A0) —(A3), and
Theorem 2). This statement contains as a particular case a similar result by M. Buliga
for metric spaces, see for instance [6], where an axiomatic approach to metric spaces with
dilations is introduced. A similar approach was informally sketched by A. Bellaiche [2].
The main results of the present paper are Theorems 4 and 7. Theorem 4 (cf. [7])
asserts that an additional axiom (A4) (saying that the limit of a certain combination of
dilations exists) allows to describe the algebraic structure of the tangent cone: it is a
simply connected Lie group, the Lie algebra of which is graded and nilpotent.
In particular, this result allows to define the differential of a mapping acting between
two quasimetric spaces with dilations in the same way as it is done in [50] for Carnot-
Carathe´odory spaces. A brief comparison of this approach with Margulis-Mostow’s con-
cept of differentiability [32] is given below in Remark 14.
Thus, Theorem 4 allows to establish algebraic and analytic properties of the considered
space from metric and topological assumptions only. In the present paper we do not
attempt to prove that axioms of a dilation structure recover sub-Riemannian geometry
when the underlying space is a manifold (or which axioms should be added to prove this).
But we prove that
1) regular sub-Riemannian manifolds are examples of quasimetric spaces with dilations
(Theorem 7);
2) the tangent cones to quasimetric spaces with dilations are the same algebraic objects
as for regular sub-Riemannian manifolds (Theorem 4),
which can be viewed as a first step in this direction.
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In our opinion, the proof of Theorem 4 is interesting in its own right. The main step
is to apply a theorem on local and global topological groups due to A. I. Mal’tsev [31],
which helps to overcome difficulties concerned with investigation of a local version of the
Hilbert’s Fifth Problem [58, 19, 37], see Remark 2. As an auxiliary assertion we prove a
generalized triangle inequality for local groups endowed with (quasi)metrics and dilations
(see Proposition 8, Assertion 3)), which is of independent interest and gives an alternative
proof of a similar fact for (global) homogeneous groups [18].
In Section 4, we describe regular Carnot-Carathe´odory spaces as the main example of
quasimetric spaces with dilations. In this case Axiom (A3) is just a local approximation
theorem, and (A4) is a consequence of estimates on divergence of integral lines of the
initial vector fields and the nilpotentized ones.
In this paper we extend the approach to the subject given in our short communication
[57].
We are grateful to Isaac Goldbring for a discussion on some algebraic aspects of the
subject under consideration (see Remark 9) and for the references [40, 20]. We thank
also the anonymous referee for the careful reading of our paper, interesting questions
and references, as well as useful hints concerning the presentation and exposition of our
results.
2 Basic notions and preliminary results
Definition 1. A quasimetric space (X, dX) is a topological space X with a quasimetric
dX. A quasimetric is a mapping dX : X× X→ R
+ with the following properties:
(1) dX(u, v) ≥ 0; dX(u, v) = 0 if and only if u = v (non-degeneracy);
(2) dX(u, v) ≤ cXdX(v, u) where 1 ≤ cX < ∞ is a constant independent of u, v ∈ X
(generalized symmetry property);
(3) dX(u, v) ≤ QX(dX(u, w) + dX(w, v)) where 1 ≤ QX <∞ is a constant independent
of u, v, w ∈ X (generalized triangle inequality);
(4) the function dX(u, v) is upper semi-continuous on the first argument.
If cX = 1, QX = 1, then (X, dX) is a metric space.
Remark 1. Note that some authors introduce the notion of a quasimetric space without
assuming neither this space be topological nor the quasimetric be continuous in any sense.
Within such framework, the quasimetric balls need not be open (see e. g. [41, 14, 26]).
However, due to a theorem by R. A. Mac`ıas and C. Segovia [30], any quasimetric d is
equivalent to some other quasimetric d˜, the balls associated to which are open (such a
quasimetric looks like ρ(x, y)
1
β , where 0 < β ≤ 1 and ρ(x, y) is a metric) and, hence,
define a topology.
In the present paper we study tangent cone questions. It is important to note, that
having the tangent cone to a (quasi)metric space, one can say nothing about the existence
of the tangent cone to the space with an equivalent (quasi)metric, thus we would like the
balls defined by the initial quasimetric be open. For this reason we add the upper-
continuity condition (4) to the Definition 1 of a quasimetric space (as it is done e. g. in
[49] for the case of Rn). This condition guarantees that the balls BdX(x, r) are open sets,
and that convergence w. r. t. the initial topology of X implies convergence w. r. t. the
topology defined by dX.
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Actually, we can assume the initial topology on X coincide with the topology induced
by the equivalent quasimetric d˜. Then the topologies induced by d and convergence w.
r. t. initial topology on X are equivalent. Further we always assume, w. l. o. g., this to
hold.
We denote by BdX(x, r) = {y ∈ X | dX(y, x) < r} a ball centered at x of radius r,
w. r. t. the (quasi)metric dX. The symbol A¯ stands for the closure of the set A. A
(quasi)metric space X is said to be boundedly compact if all closed bounded subsets of X
are compact.
Definition 2. Let (X, d) be a complete boundedly compact quasimetric space and the
quasimetric d be continuous on both arguments. The quasimetric space X is endowed
with a dilation structure, denoted as (X, d, δ), if the following axioms (A0) — (A3) hold.
(A0) For all x ∈ X and for ε ∈ (0, 1], in some neighborhood U(x) of x there are
homeomorphisms called dilations δxε : U(x) → Vε(x) and δ
x
ε−1
: Wε−1(x) → U(x), where
Vε(x) ⊆ Wε−1(x) ⊆ U(x). The family {δ
x
ε }ε∈(0,1] is continuous on ε (w. r. t. the initial
topology on X, see Remark 1, and the ordinary topology on (0, 1]). It is assumed that there
exists an R > 0 such that B¯d(x,R) ⊆ U(x) for all x ∈ X, and for all ε < 1 and r˜ > 0 with
the property B¯d(x, r˜) ⊆ U(x) we have the inclusion Bd(x, r˜ε) ⊆ δxεB
d(x, r˜) ⊂ Bd(x, r˜).
(A1) For all x ∈ X, y ∈ U(x), we have δxεx = x, δ
x
1 = id, lim
ε→0
δxε y = x.
(A2) For all x ∈ X and u ∈ U(x), we have δxε δ
x
µu = δ
x
εµu provided that both parts of
this equality are defined.
(A3) For any x ∈ X, uniformly on u, v ∈ B¯d(x,R) there exists the limit
lim
ε→0
1
ε
d(δxεu, δ
x
ε v) = d
x(u, v). (2.1)
If the function dx : U(x) × U(x) → R+ is such that dx(u, v) = 0 implies u = v, then
the dilation structure is called nondegenerate.
If the convergence in (A3) is uniform on x in some compact set, then the dilation
structure is said to be uniform.
If the following axiom (A4) holds, then we say that X is endowed with a strong dilation
structure.
(A4) The limit of the value Λxε (u, v) = δ
δxε u
ε−1
δxε v exists:
lim
ε→0
Λxε(u, v) = Λ
x(u, v) ∈ Bd(x,R), (2.2)
This limit is uniform on x in some compact set and u, v ∈ Bd(x, r) for some 0 < r ≤ R.
See Proposition 4 regarding possible choices of r.
Remark 2. These axioms of dilations are a slight modification and simplification of those
proposed in [6] for metric spaces. Essential for proving Theorem 4 is that, in (A0), we
require the continuity of dilations on the parameter ε which was missed in [6]. Note
also that axioms (A1), (A2), (A4) do not depend on the quasimetric. The condition
lim
ε→0
δxε y = x informally states that the topological space X is locally contractible.
Example 1. In the case when X is a Riemannian manifold, dilations can be introduced
as homotheties induced by the Euclidean ones. See [6]–[10] for more examples.
4
Remark 3. For a general (quasi)metric space (X, d), the closure of a ball need not coincide
with the corresponding closed ball, only the inclusion B¯d(x, r) ⊆ {y : d(y, x) ≤ r} holds.
But, in the case of a (quasi)metric space endowed with a dilation structure, also the
converse inclusion is true. Indeed, let z ∈ {y : d(y, x) ≤ r} be such that d(z, x) = r; let
zn = δ
x
1−εnz ∈ B
d(x, r), where εn → 0. Then d(zn, z) → 0, according to (A0), (A1) and
Remark 1, hence z ∈ B¯d(x, r).
Remark 4. By virtue of (A3) and continuity of d(u, v), the function dx(u, v) is continuous
on both arguments. Further, the functions dx and d define the same topology on U(x)
(the equivalence of convergences induced by dx and d can be verified straightforwardly,
using uniformity on u, v in (A3)) and, hence, (U(x), dx) is boundedly compact.
Remark 4 and Axiom (A3) imply
Proposition 1. If (X, d, δ) is a nondegenerate dilation structure, then dx is a quasimetric
on Bd(x,R) with the same constants cX, QX (see (2), (3) of Definition 1) as for the initial
quasimetric d.
In the same way as for metric spaces [6], Axioms (A2), (A3) imply
Proposition 2. The function dx from Axiom (A3) meets the cone property
dx(u, v) =
1
µ
dx(δxµu, δ
x
µv)
for all u, v ∈ Bd(x,R) and µ such that δxµu, δ
x
µv ∈ B
d(x,R) (in particular, for all µ ≤ 1).
Proposition 3. If (X, d, δ) is a strong dilation structure then the limits of the expressions
Σxε (u, v) = δ
x
ε−1δ
δxε u
ε v, inv
x
ε (u) = δ
δxεu
ε−1
x exist:
lim
ε→0
Σxε (u, v) = Σ
x(u, v) ∈ Bd(x,R), lim
ε→0
invxε (u) = inv
x(u) ∈ Bd(x,R). (2.3)
These limits are uniform on x in some compact set and u, v ∈ Bd(x, rˆ).
Conversely, if the limits 2.3 exist and are uniform, then Axiom (A4) holds.
Proof. The assertion about the second limit follows from the fact that invxε (u) = Λ
x
ε(u, x).
Easy calculations show that Σxε (u, v) = Λ
δxεu
ε (inv
x
εu, v) from where, taking in account the
uniformity of convergence in (A4), the existence and uniformity of the first limit follows.
Moreover, it is easy to see that Σ
δxε u
ε (inv
x
εu, v) = Λ
x
ε (u, v), hence
Λx(u, v) = Σx(invxu, v). (2.4)
Therefore, from the existence and uniformity of the limits 2.3, Axiom (A4) follows.
Further we assume, w. l. o. g., that rˆ = r (otherwise, take the intersection of
the corresponding balls), i. e. functions Λx and Σx are defined on the same subset of
U(x)×U(x). The following proposition can be viewed as an example of existence of one of
the combinations from Proposition 3 (cf. the arguments of Bellaiche [2], the last section).
Proposition 4. Let (X, d, δ) be a uniform dilation structure. Then there are r, ε0 > 0
such that for all ε ∈ (0, ε0], u, v ∈ B
d(x, r) the combination Σxε (u, v) = δ
x
ε−1
δ
δxεu
ε v ∈ U(x)
from Proposition 3 is defined.
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Proof. Let x′ = δxεu, x
′′ = δx
′
ε v. To show the existence of the combination Σ
x
ε (u, v) ∈ U(x)
it suffices to verify that x′′ ∈ Wε−1(x). Let us prove that, for suitable u, v, ε, it is true that
x′′ ∈ Bd(x,Rε) ⊆ Wε−1(x). It follows from Proposition 2 that d
x(x, x′) = dx(x, δxεu) =
εdx(x, u), dx
′
(x′, x′′) = εdx
′
(x′, v). Due to (A3), for any δ > 0 there is an ε > 0 such that:
if dx(p, q) = O(ε), then dx(p, q)(1− δ) ≤ d(p, q) ≤ dx(p, q)(1 + δ). Let p = x, q = x′ and
consider arbitrary r, Rx > 0 such that Bd(x, r) ⊆ Bd
x
(x,Rx) ⊆ Bd(x,R) (such reals exist
according to Remark 4). For any δ > 0 there is an ε′0 > 0 such that for u ∈ B
d(x, r),
ε ∈ (0, ε′0] we have d(x, x
′) ≤ εRx(1 + δ). Analogously, there is an ε′′0 > 0 such that for
v ∈ Bd(x, r), ε ∈ (0, ε′′0] we have d(x
′, x′′) ≤ εRx
′
(1 + δ). Due to uniformity of the limit
in (A3) we can assume, w. l. o. g., that Rx = Rx
′
= ξ. Let ε0 = min{ε
′
0, ε
′′
0}. The
generalized triangle inequality implies d(x, x′′) ≤ QX (d(x, x
′) + d(x′, x′′)) ≤ 2QXεξ(1+δ).
To satisfy the desired inequality d(x, x′′) ≤ Rε it suffices to take an arbitrary ξ < R
2QX
such
that Bd
x
(x, ξ) ⊆ Bd(x,R). Then an arbitrary number r satisfying Bd(x, r) ⊆ Bd
x
(x, ξ)
will be as desired.
A pointed (quasi)metric space is a pair (X, p) consisting of a (quasi)metric space X and
a point p ∈ X. Whenever we want to emphasize what kind of (quasi)metric is on X, we
shall write the pointed space as a triple (X, p, dX).
Definition 3 ([46, 47]). A sequence (Xn, pn, dXn) of pointed quasimetric spaces converges
to the pointed space (X, p, dX), if there exists a sequence of reals δn → 0 such that for
each r > 0 there exist mappings fn,r : B
dXn (pn, r + δn) → X, gn,r : B
dX(p, r + 2δn) → Xn
such that
1) fn,r(pn) = p, gn,r(p) = pn;
2) dis(fn,r) < δn, dis(gn,r) < δn;
3) sup
x∈BdXn (pn,r+δn)
dXn(x, gn,r(fn,r(x))) < δn.
Here dis(f) = sup
u,v∈X
|dY(f(u), f(v)) − dX(u, v)| is the distortion of a mapping f :
(X, dX)→ (Y, dY) which characterizes the difference of f from an isometry.
Theorem 1 ([47]). 1. Reduced to the case of metric spaces, the convergence of Definition
3 is equivalent to the Gromov-Hausdorff one;
2) Let (X, p), (Y, q) be two complete pointed quasimetric spaces, each obtained as a
limit of the same sequence (Xn, pn) such that the constants {QXn} are uniformly bounded:
|QXn | ≤ C for all n ∈ N. If X is boundedly compact, then X and Y are isometric.
Remark 5. Note that a straightforward generalization of Gromov’s theory to the case of
quasimetric spaces is, for various reasons, impossible. For example, the Gromov-Hausdorff
distance between two bounded quasimetric spaces is equal to zero [21] and, thus, makes
no sense in this context. Besides that, in [25, 2] convergence is first defined for compact
spaces; convergence of boundedly compact spaces is defined as convergence of all (com-
pact) balls. For quasimetric spaces, this approach would not yield uniqueness of the limit
up to isometry.
Definition 4. Let X be a boundedly compact (quasi)metric space, p ∈ X . If the limit
of pointed spaces lim
λ→∞
(λX, p) = (TpX, e) exists (in the sense of Definition 3), then TpX is
called the tangent cone to X at p. Here λX = (X, λ · dX); the symbol lim
λ→∞
(λX, p) means
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that, for any sequence λn → ∞, there exists lim
λn→∞
(λnX, p) which is independent of the
choice of sequence λn →∞ as n→∞.
Any neighborhood U(e) ⊆ TpX of the basepoint element e ∈ TpX is said to be a local
tangent cone to X at p.
Remark 6. Theorem 1 implies that, for complete boundedly compact quasimetric spaces,
the tangent cone is unique up to isometry, i. e. one should treat the tangent cone from
Definition 4 as a class of pointed quasimetric spaces isometric to each other. Note also
that the tangent cone is completely defined by any (arbitrarily small) neighborhood of
the point. More precisely, if U is a neighborhood of the point p ∈ X then the tangent
cones of U and X at p are isometric. Moreover, the quasimetric space (TpX, e) is a cone
in the sense that it is invariant under scalings, i. e. (TpX, e) is isometric to (λTpX, e) for
all λ > 0.
Theorem 2 ([47]). Let (X, d, δ) be a nondegenerate dilation structure. Then (U(x), x, dx)
is a local tangent cone to X at x.
Note that on the neighborhood U(x) ⊆ X we have two (quasi)metric structures d
and dx, thus it is natural to denote the local tangent cone to X at x as (U(x), dx), not
introducing any other underlying set for the tangent cone.
One of the main goals of the present paper is to describe the algebraic properties of the
(local) tangent cone in the case when (X, d, δ) is a strong uniform nondegenerate dilation
structure. Having only axioms (A0) — (A3) we can say nothing substantial about this.
3 Algebraic properties of the tangent cone
Definition 5 ([44, 20]). A local group is a tuple (G, e, i, p) where G is a Hausdorff topo-
logical space with a fixed identity element e ∈ G and continuous functions i : Υ→ G (the
inverse element function), and p : Ω → G (the product function) given on some subsets
Υ ⊆ G, Ω ⊆ G ×G such that e ∈ Υ, {e}× G ⊆ Ω, G × {e} ⊆ Ω, and for all x, y, z ∈ G the
following properties hold:
1) p(e, x) = p(x, e) = x;
2) if x ∈ Υ, then (x, i(x)) ∈ Ω, (i(x), x) ∈ Ω and p(x, i(x)) = p(i(x), x) = e;
3) if (x, y), (y, z) ∈ Ω and (p(x, y), z), (x, p(y, z)) ∈ Ω, then p(p(x, y), z) = p(x, p(y, z)).
Assertions close to the next three propositions can be found in [6], but in our consid-
eration, some details are different. We include the proofs for the reader’s convenience.
Proposition 5. Let (X, d, δ) be a strong dilation structure. Then the function introduced
in Axiom (A4) yields a product and an inverse element functions in a neighborhood of the
given point. Precisely, Gx = (U(x), x, invx,Σx) (where invx,Σx are from Proposition 3) is
a local group. For the inverse element, the following property holds: invx(invx(u)) = u.
Proof. Let u, v, w ∈ Bd(x, r), ε ≤ ε0, where r is from Axiom (A4), and ε0 is such that
Σxε (u, v) is defined for all ε ≤ ε0, for example, as in Proposition 4. By direct calculation
and using the uniformity of the limit in (A4) one can verify the following relations:
Σxε (x, u) = u; Σ
x
ε (u, δ
x
εu) = u;
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if both parts of the following equality are defined, then
Σxε (u,Σ
δxε
ε (v, w)) = Σ
x
ε (Σ
x
ε (u, v), w);
Σx(u, invxε (u)) = x; Σ
δxε u(invxε (u), u) = δ
x
εu;
invδ
x
εu
ε inv
x
εu = x.
Passing to the limit when ε → 0, we obtain that Σx(u, v) is the product function w. r.
t. the identity element x and inverse function invx(u) such that invx(invx(u)) = u. The
domains of the product and inverse functions are some areas Ω ⊇ Bd(x, r) × Bd(x, r),
Υ ⊇ Bd(x, r) where r is from (A4). The continuity of functions Σx(u, v) and invx u is
obvious from (A0), (A4) and Proposition 3.
Proposition 6. The following identities
δxµΣ
x(u, v) = Σx(δxµ(u), δ
x
µ(v)), inv
x(δxµu) = δ
x
µ inv
x u
hold provided both parts of the equality are defined (in particular, when Σx(u, v) exists and
µ ≤ 1).
Proof. For the function
Λx = lim
ε→0
Λxε (u, v) = lim
ε→0
δ
δxεu
ε−1
δxε v
from Axiom (A4), direct calculations show that Λxε (δ
x
µu, δ
x
µv) = δ
δxεµu
µ Λxεµ(u, v), hence
δxµΛ
x(u, v) = Λx(δxµu, δ
x
µv), (3.1)
provided both parts of the last equality are defined. From here the second equality of the
proposition is obvious, since invx(u) = Λx(u, x).
The first equality of the proposition follows from (3.1), (2.4) and from the second
equality.
Proposition 7. Let (X, d, δ) be a strong nondegenerate uniform dilation structure. Then
for all u ∈ Bd(x, r) the function Σx(u, ·) (see Proposition 3) is a dx-isometry on Bd(x, r).
Proof. Using Proposition 2 and uniformity in Axiom (A3), we get
lim
ε→0
1
ε
| d(δxε v, δ
x
εw)− d
δxεu(δxε v, δ
x
εw) |= lim
ε→0
|
1
ε
d(δxε v, δ
x
εw)− d
δxεu(δ
δxεu
ε−1
δxε v, δ
δxεu
ε−1
δxεw) |=
=| dx(v, w)− dx(Λx(u, v),Λx(u, w)) |= 0,
where Λx is from Axiom (A4). Further, we have
dx(v, w) = dx(Λx(u,Σx(u, v)),Λx(u,Σx(u, w))) = dx(Σx(u, v),Σx(u, w)).
From here the assertion follows.
It is interesting to compare the following proposition with the definition and properties
of homogeneous norm on a homogeneous Lie group [18].
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Proposition 8. Let (X, d, δ) be a strong nondegenerate dilation structure. Then the
function | · | : Bd(x,R)→ R, defined as |u| = dx(x, u), meets the following properties:
1) homogeneity: if u ∈ Bd(x,R) and δxru ∈ B
d(x,R) is defined then |δxru| = r|u|;
2) non-degeneracy: u = x if and only if |u| = 0.
3) generalized triangle inequality: if for u, v ∈ Bd(x,R) the value Σx(u, v) ∈ Bd(x,R)
is defined then the following inequality holds:
|Σx(u, v)| ≤ c (|u|+ |v|) , (3.2)
where 1 ≤ c <∞ and c = c(x) does not depend on u, v.
Proof. The first property directly follows from the conical property; the second one is
equivalent to the assumption of non-degeneracy of the dilation structure. Let us show
3). Due to continuity of the product function (u, v) 7→ Σx(u, v) there exists 0 < τ ≤ R
such that B¯d
x
(x, τ) ⊆ Bd(x, r) and for all u, v ∈ B¯d
x
(x, τ) we have Σx(u, v) ∈ Bd(x,R) ∩
Bd
x
(x,R). W. l. o. g. assume |v| ≤ |u| and consider first the case when |u| ≤ τ (then
ε = ε(u) = τ−1|u| ≤ 1).
Let us show that the elements δxτ |u|−1u, δ
x
τ |u|−1v exist and belong to B
d(x,R).
Indeed, it is sufficient to verify that u ∈ Wε−1(x). Since ετ = |u|, we have u ∈
B¯d
x
(x, τε) (see Remark 3). According to the choice of τ the following inclusions hold
B¯d
x
(x, τ) ⊆ Bd(x, r) ⊆ Bd(x,R), therefore, due to axiom (A0) and Proposition 2, it is true
that u ∈ B¯d
x
(x, τε) = δxε B¯
dx(x, τ) ⊆ δxεB
d(x,R) ⊆ Vε(x) ⊆Wε−1(x). Note that it can not
happen that δxε−1u ∈ U(x)\B
d(x,R), because δxε−1B
d(x,Rε) ⊆ δxε−1δ
x
εB
d(x,R) = Bd(x,R).
Thus, due to 1), |δx
τ |u|−1u| = d
x(x, δx
τ |u|−1u) = τ, |δ
x
τ |u|−1v| ≤ τ . Hence, by choice of τ ,
the value Σx(δx
τ |u|−1u, δ
x
τ |u|−1v) ∈ B
d(x,R) ∩ Bd
x
(x,R) is defined. Thus, from Proposition
6, we can derive
Σx(u, v) = δxτ−1|u|Σ
x(δxτ |u|−1u, δ
x
τ |u|−1v).
It follows immediately that
|Σx(u, v)| = |δxτ−1|u|(Σ
x(δxτ |u|−1u, δ
x
τ |u|−1v))|
= τ−1|u||Σx(δxτ |u|−1u, δ
x
τ |u|−1v)| ≤ c|u| ≤ c(|u|+ |v|),
where c = τ−1R.
Let now be |u| > τ and Σx(u, v) ∈ Bd(x,R) be defined. Choose 0 < µ < 1 such that
δxµu, δ
x
µu ∈ B
dx(x, τ) (such µ exists due to continuity of dilations). Then
µ|Σx(u, v)| = |δxµΣ
x(u, v)| = |Σx(δxµu, δ
x
µv)| ≤ c(|δ
x
µu|+ |δ
x
µv|) = cµ(|u|+ |v|).
It follows (3.2).
Definition 6. The function |·|, introduced in Proposition 8, is said to be the homogeneous
norm on the local group Gx.
Definition 7 ([31]). It is said that for a local group G the global associativity property
holds if there is a neighborhood of the identity V ⊆ G such that for each n-tuple of elements
a1, a2 . . . , an ∈ V whenever there exist two different ways of introducing parentheses in
this n-tuple, so that all intermediate products are defined, the resulting products are
equal.
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Theorem 3 (Mal’tsev [31]). A local topological group G is locally isomorphic to a some
topological group G if and only if the global associativity property in G holds.
Remark 7. Unlike in the case of global groups, the verification of the global associativity
property for local groups is a nontrivial task. This verification can not be done by a
trivial induction as for global groups since it would require to assume the existence of all
intermediate products which is, in general, not true for local groups. See comments in [40,
20] where there are some references to papers with mistakes caused by misunderstandings
of this fact. In the local group Gx under our consideration it is easy to provide examples
for n = 4 such that ui ∈ B
d(x,R) and combinations u = Σx(Σx(u1,Σ
x(u2, u3)), u4) and
u′ = Σx(u1,Σ
x(u2,Σ
x(u3, u4))) exist while the combination Σ
x(Σx(u1, u2),Σ
x(u3, u4))) is
not defined. More examples can be found in [31, 40].
Proposition 9. For the local group Gx, the global associativity property holds.
Proof. Let u1, u2, . . . , un ∈ B
d(x,R), and u, u′ be elements obtained from the n-tuple
(u1, u2, . . . , un) by introducing parentheses such that the products exist. We need to show
that u = u′.
Let τ be such as in the proof of Proposition 8, Rx = inf{ξ | B
d(x,R) ⊆ Bd
x
(x, ξ)},
cn = nc
n−1 where c is from (3.2). Let sn =
τ
cn−1Rx
and u˜i = δ
x
sn
ui. By induction on n
and using (3.2) it is easy to show that all possible products of length not bigger than n
of the elements u˜i are defined. Thus it can be trivially shown (as for global groups) that
δxsn(u) = δ
x
sn
(u′). Applying to both sides of the last equality the homeomorphism δx
s−1n
(which is, in particular, an injective mapping), we get u = u′ and finish the proof.
Definition 8 ([48], Proposition 5.4). A topological group G is contractible if there is an
automorphism τ : G→ G such that lim
n→∞
τng = e for all g ∈ G.
Definition 9. A topological space is locally compact if any of its points has a neighborhood
the closure of which is compact. A local group is locally compact if there is a neighborhood
of its identity element the closure of which is compact.
The proof of Theorem 4 relies on the following statement, see Remark 2 for comments.
Proposition 10 ([48], Corollary 2.4). For a connected locally compact group G the fol-
lowing assertions are equivalent:
(1) G is contractible;
(2) G is a simply connected Lie group the Lie algebra V of which is nilpotent and
graded, i. e. there is a decomposition V =
⊕
s>0
Vs such that [Vs, Vt] ⊆ Vs+t for all s, t > 0.
In particular, V is nilpotent.
Theorem 4. Let (X, d, δ) be a strong nondegenerate dilation structure. Then
1) For any x ∈ X, the local group Gx is locally isomorphic to a connected simply
connected Lie group Gx the Lie algebra of which is nilpotent and graded;
2) If the dilation structure is, in addition, uniform, then the Lie group Gx is the
tangent cone (in the sense of Definition 4) to X at x, i. e., left translations on Gx are
isometries w. r. t. quasimetric d˜x on Gx which arises from dx in a natural way. The
local group Gx is a local tangent cone.
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Proof. Since X is boundedly compact, Gx is a locally compact local group. Due to ex-
istence on Gx of a one-parameter family of dilations this local group is linearly con-
nected (indeed, any two points u, v ∈ U(x) can be connected by the continuous curve
{δxε (u)}1≥ε≥0 ◦ {δ
x
ε (v)}0≤ε≤1), hence G
x is connected.
According to Proposition 9, the global associativity property in Gx holds. Hence,
by Theorem 3, Gx is locally isomorphic to some topological group Gx. Let us use the
construction of this group given in the proof of Theorem 3 in [31] and in more details in
[16]: Gx is obtained as the group of equivalence classes of words arranged from elements
of the initial local group Gx.
Namely, let Gx(n) = {(u1, . . . , un) | ui ∈ G
x} be the set of words of length n, and
G˜x =
⋃
n∈N
Gx(n). On G˜
x the following two operations can be introduced. The contraction
is defined as
(u1, . . . , un) ∈ G
x
(n) 7→ (u1, . . . , ui−1,Σ
x(ui, ui+1), ui+2, . . . , un) ∈ G
x
(n−1),
if Σx(ui, ui+1) exists. The expansion is defined as
(u1, . . . , un) ∈ G
x
(n) 7→ (u1, . . . , ui−1, v, w, ui+1, . . . , un) ∈ G
x
(n+1),
if ui = Σ
x(v, w). Two words (u1, . . . , un) and (v1, . . . , vm) are called equivalent (which
is denoted as (u1, . . . , un) ∼ (v1, . . . , vm)) if they can be obtained one from another by a
finite sequence of contractions and expansions. Finally, let Gx = G˜x/ ∼. The product
and inverse functions and the neutral element on Gx are defined respectively as
[(u1, . . . , un)] · [(v1, . . . , vm)] = [(u1, . . . , un, v1, . . . , vm)],
[(u1, . . . , un)]
−1 = [(invxun, . . . , inv
xu1)], eGx = [(eGx)].
It is easy to verify that the function ϕ : Gx → Gx which maps the element g to the
equivalence class [(g)], is a local isomorphism.
The topology on Gx is defined as follows: if B is the basis of topology of Gx, then
B = {ϕ(U) | U ∈ B} is the base of topology of Gx. The verification of axioms of a
topological basis can be done straightforwardly.
For an arbitrary s < 1 define a contractive automorphism on Gx as
τ([(u1, . . . , un)]) = [(δ
x
s (u1), . . . , δ
x
s (un))].
Due to the linear connectedness of the group Gx (because of the obvious relation [(e, e,
. . . , e)]= [(e)] and the fact that the local group Gx is linearly connected), by Proposition
10 we get the first assertion of the theorem.
Now let smn = smax{m,n} (in notation of the proof of Proposition 9) and define on G
x
a quasimetric as
d˜x([(u1, . . . , un)], [(v1, . . . , vm)])
=
1
smn
dx(Σx(δxsmnu1, . . . , δ
x
smn
un),Σ
x(δxsmnv1, . . . , δ
x
smn
vm)).
Note that Propositions 2, 6 imply the generalized triangle inequality for d˜x with the
constant QX and that ϕ is an isometry. Taking into account Theorem 2 and Proposition
7 we obtain the second assertion.
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Remark 8. Let us give a brief overview of the proof of Proposition 10, for showing that
it can not be straightforwardly applied to the case of local groups. The crucial part of
this proof is to show that a connected locally compact contractible group is a Lie group.
This proof heavily relies on several main theorems from the book of Montgomery and
Zippin [37], where the solution of H5 is given. The proofs of those theorems are long and
complicated, and, as noted in [37, p. 119], “Most of the Lemmas can be also proved by
essentially the same arguments for the case of a locally compact connected local group
but we shall not complicate the statements and proofs of the Lemmas by inserting the
necessary qualifications.” This last statement shows, that proving the theorems (based
on the mentioned lemmas) that we would need, for the case of local groups, is, at least,
nontrivial (and not done by anybody, as far as we know). It would require a careful study
of large parts of the book [37].
Overcoming this difficulty we apply Mal’tsev’s theorem 3 to reduce the consideration
to the case of (global) groups, for which Proposition 10 can be applied.
Remark 9. There is an another look at the proof of Proposition 9. It actually can be
proved without the triangle inequality (3.2) and any (quasi)metric structure, by means
of the following simple topological fact ([44, Chapter 3, Section 23, E], see also [20]): in
any local group there is a decreasing sequence of neighborhoods {Un}n∈N such that, for all
elements u1, . . . un ∈ Un, their products are defined with any combinations of parentheses.
Using this fact, an analog of Theorem 4, for locally compact topological spaces with
dilations, can be proved (for this purpose, axioms of Definition 2 should be modified in
a natural way). Globalizability of locally compact locally connected contractible local
groups was proved in [16], independently of our paper. The result of [16] can be viewed
as a generalization of the first assertion of Theorem 4.
On the other hand, using the (quasi)metric structure allows to make the proof of global
associativity more constructive in comparison with the purely topological one.
4 Example: Carnot-Carathe´odory spaces
Definition 10 ([2, 25, 28, 39, 29, 52, 53]). Fix a connected Riemannian C∞-manifold M
of dimension N . The manifold M is called a regular Carnot-Carathe´odory space if in the
tangent bundle TM there is a filtration
HM = H1M ⊆ . . . ⊆ HiM ⊆ . . . ⊆ HMM = TM
of subbundles of the tangent bundle TM, such that, for each point p ∈ M, there exists a
neighborhood U ⊂M with a collection of C1,α (where α ∈ (0, 1]) vector fields X1, . . . , XN
on U enjoying the following three properties. For each v ∈ U we have
(1) X1(v), . . . , XN(v) constitutes a basis of TvM;
(2) Hi(v) = span{X1(v), . . . , XdimHi(v)} is a subspace of TvM of dimension dimHi,
i = 1, . . . ,M , where H1(v) = HvM;
(3)
[Xi, Xj ](v) =
∑
degXk≤degXi+degXj
cijk(v)Xk(v) (4.1)
where the degree degXk equals min{m | Xk ∈ Hm};
The number M is called the depth of the Carnot-Carathe´odory space.
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Remark 10. According to [29], all statements below are also valid for the case when
Xi ∈ C
1 and M = 2.
Definition 11. For any point g ∈M, define the mapping
θg(v1, . . . , vN) = exp
( N∑
i=1
viXi
)
(g). (4.2)
It is known that θg is a C
1-diffeomorphism of the Euclidean ball BE(0, r) ⊆ R
N to
M, where 0 ≤ r < rg for some (small enough) rg. The collection {vi}
N
i=1 is called the
normal coordinates or the coordinates of the 1st kind (with respect to u ∈M) of the point
v ∈ Ug = θg(BE(0, rg)). Further we will consider a compactly embedded neighborhood
U ⊆M such that U ⊆
⋂
g∈U
Ug.
Definition 12. By means of coordinates (4.2), introduce on U the following quasimetric
d∞. For u, v ∈ U such that v = exp
( N∑
i=1
viXi
)
(u) let
d∞(u, v) = max
i
{|vi|
1
degXi }.
The properties (1), (2) of Definition 1 for the function d∞ and its continuity on both
arguments obviously follow from properties of the exponential mapping. The generalized
triangle inequality is proved in [28, 29]. We denote the balls w. r. t. d∞ as Box(u, r) =
{v ∈ U | d∞(v, u) < r}.
Definition 13. Define in U the action of the dilation group ∆gε as follows: it maps an
element x = exp
( N∑
i=1
xiXi
)
(g) ∈ U to the element
∆gεx = exp
( N∑
i=1
xiε
degXiXi
)
(g) ∈ U
in the case when the right-hand part of the last expression makes sense.
Proposition 11 ([29]). The coefficients
c¯ijk =
{
cijk(g) of (4.1) , if degXi + degXj = degXk
0, in other cases
define a graded nilpotent Lie algebra.
This Lie algebra can be represented by vector fields {(X̂gi }
N
i=1 ∈ C
α on U such that
[X̂gi , X̂
g
j ] =
∑
degXk=degXi+degXj
cijk(g)X̂
g
k (4.3)
and X̂gi (g) = Xi(g).
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Definition 14. To the Lie algebra {X̂gi }
N
i=1 there corresponds the Lie group G
g =
(U , g,−1 , ∗) at g. The product function ∗ is defined as follows: if x = exp
( N∑
i=1
xiX̂
g
i
)
(g),
y = exp
( N∑
i=1
yiX̂
g
i
)
(g), then x∗y = exp
( N∑
i=1
yiX̂
g
i
)
◦exp
( N∑
i=1
xiX̂
g
i
)
(g) = exp
( N∑
i=1
ziX̂
g
i
)
(g),
where zi are computed via Campbell-Hausdorff formula. The inverse element to x =
exp
( N∑
i=1
xiX̂
g
i
)
(g) is defined as x−1 = exp
( N∑
i=1
(−xi)X̂
g
i
)
(g).
Remark 11. In the “classical” sub-Riemannian setting (see Introduction), the local Lie
group from Definition 14 is locally isomorphic to a Carnot group, i.e., a connected simply
connected Lie group the Lie algebra V of which can be decomposed into a direct sum
V = V1 ⊕ . . . ⊕ VM such that [V1, Vi] = Vi+1, i = 1, . . .M − 1, [V1, VM ] = {0}. In the
case under our consideration, for the Lie algebra of the local group Gg only the inclusion
[V1, Vi] ⊆ Vi+1 is true. The converse inclusion will hold if we require an additional condition
[28, 29] in Definition 10: the quotient mapping [ ·, · ]0 : H1×Hj/Hj−1 7→ Hj+1/Hj induced
by Lie brackets is an epimorphism for all 1 ≤ j < M . Under this additional assumption,
an analog of the Rashevskii-Chow theorem can be proved.
Strictly speaking, the group operation is defined on a neighborhood defined by vector
fields {X̂gi }, but, w. l. o. g., we can assume that this neighborhood coincides with U
[29, 53]. Note also that the mapping θg is a local isometric isomorphism between the local
Lie group (Gg, ∗) and the Lie group (RN , ∗), and θg(0) = g. The group operation ∗ on
RN is introduced by analogy with Definition 14, by means of C∞ vector fields {(X̂gi )
′}
on RN , such that X̂gi = (θg)∗(X̂
g
i )
′, where (θg)∗〈Y 〉(θg(x)) = Dθg(x)〈Y (x)〉, Y ∈ TR
N
(see details in [28, 29, 53]). In what follows, we will identify the neighborhood U with its
image θ−1g (U) ⊆ R
N .
This identification allows, in particular, to define canonical coordinates of the first
kind, induced by the nilpotentized vector fields in a similar way as 11.
Definition 15. For u, v ∈ RN such that v = exp
( N∑
i=1
vi(X̂
g
i )
′
)
(u), let dg∞(u, v) = max
i
{|vi|
1
degXi }.
It is known [18] that dg∞ is a quasimetric. We denote the balls w. r. t. this quasimetric
as Boxg(u, r) = {v ∈ RN | dg∞(v, u) < r}.
Proposition 12 ([29, 50]). If r is such that Box(g, r) ⊆ U then Box(g, r) = Boxg(g, r).
Definition 16. The nilpotentized vector fields also define dilations on U : the element
x = exp
( N∑
i=1
xiX̂
g
i
)
(g) ∈ U is mapped to the element
δgg,εx = exp
( N∑
i=1
xiε
degXiX̂gi
)
(g) ∈ U
in the case when the right-hand part of the last expression makes sense.
Proposition 13 ([29, 50]). For all ε > 0 and u ∈ U , we have ∆gεu = δ
g
g,εu, if both parts
of this equality are defined.
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Proposition 14 ([18, 29, 53]). The cone property for the quasimetric dg∞(u, v) holds:
dg∞(u, v) =
1
ε
dg∞(∆
g
εu,∆
g
εv) for all possible ε > 0.
Theorem 5 (Estimate on divergence of integral lines [28, 29]). Consider points u, v ∈ U
and
wε = exp
( N∑
i=1
wiε
degXiXi
)
(v) and ŵε = exp
( N∑
i=1
wiε
degXiX̂ui
)
(v).
Then
max{du∞(wε, ŵε), d
u′
∞(wε, ŵε)} = ε[Θ(u, v, α,M)]ρ(u, v)
α
M , (4.4)
where Θ is uniformly bounded on u, v ∈ U .
Theorem 6 (Local approximation theorem [2, 21, 25, 28, 29, 52]). If u, v ∈ Box(g, ε),
then |d∞(u, v)− d
g
∞(u, v)| = O(ε
1+ α
M ) uniformly on g ∈ U , u, v ∈ Box(g, ε).
Theorem 7. Dilations from Definition 13 induce on the quasimetric space (U , d∞) a
strong uniform nondegenerate dilation structure with the conical quasimetric (dx from
Axiom (A3)) dg∞.
Proof. Axioms (A0) — (A2) and non-degeneracy of Definition 2 obviously hold due to
properties of exponential mappings; (A3) and uniformity directly follow from Theorem 6.
Axiom (A4) follows from group operation properties and Theorem 5. Indeed, let
u = exp
( N∑
i=1
uiXi
)
(g), v = exp
( N∑
i=1
viXi
)
(g) ∈ U . We need to show the existence and
uniformity of the limits of Σgε(u, v) = ∆
g
ε−1
∆∆
g
εu
ε v and inv
g
ε(u) = ∆
∆gεu
ε−1
g, when ε→ 0 (see
Proposition 3).
First we prove the existence of the limit on the local group (i. e. replacing ∆gε by δ
g
g,ε)
According to (A2), lim
ε→0
∆xεu = lim
ε→0
uε = g. By means of (11) we can write
v = exp
( N∑
i=1
v˜εiXi
)
(uε).
Since the coordinates of the first kind are uniquely defined,
lim
ε→0
v˜εi = vi, i = 1, . . . , N. (4.5)
Now let
a = δuεg,εv = exp
( N∑
i=1
v˜εi ε
degXgi X̂i
)
◦ exp
( N∑
i=1
uiε
degXiX̂gi
)
(g).
Then
Σgε(u, v) = δ
g
g,ε−1
a = exp
( N∑
i=1
v˜εi (δ
g
g,ε−1
)∗(ε
degXiX̂gi )
)
◦ exp
( N∑
i=1
ui(δ
g
g,ε−1
)∗(ε
degXiX̂gi )
)
(g).
Using group homogeneity and (4.5), we get the existence of the uniform (on g) limit
lim
ε→0
Σgε(u, v) = exp
( N∑
i=1
viX̂
g
i
)
◦ exp
( N∑
i=1
uiX̂
g
i
)
(g).
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Now let us estimate the difference between the two combinations. From Properties
13, 14 and Theorem 5 we infer
dg∞
(
∆g
ε−1
∆∆
g
εu
ε v, δ
g
g,ε−1
δδ
g
g,εu
g,ε v
)
= dg∞
(
∆g
ε−1
∆∆
g
εu
ε v,∆
g
ε−1
δ∆
g
εu
g,ε v
)
=
= ε−1dg∞
(
∆uεε v, δ
uε
g,εv
)
= ε−1 · O
(
ε1+
1
α
)
→ 0
when ε→ 0, which implies the uniform convergence of Σgε(u, v).
Concerning the inverse element, we have
uε = exp
( N∑
i=1
uiε
degXiXi
)
(g), g = exp
( N∑
i=1
−uiε
degXiXi
)
(uε),
hence
invg(u, v) = invgε(u, v) = exp
( N∑
i=1
−uiXi
)
(g),
which finishes the proof.
Remark 12. In contrast to the proof of a similar assertion in [8], we do not use, for
proving Theorem 7, the normal frames technique [2].
Nevertheless, our considerations include, as a particular case, the “classical” sub-
Riemannian setting, although in this setting the number of nontrivial commutators of
“horizontal” vector fields can be bigger then the dimension N of the manifold M. Indeed,
the nilpotent Lie algebras, defined by different bases, are isomorphic to each other due to
the functorial property of the tangent cone [50, 29]. Analogs of the basic Theorems 6, 5,
needed for the proof of Theorem 7 for the intrinsic metric dc are proved in [2, 29, 52].
Remark 13. An analog of Theorem 7 can be proved for some other quasimetrics equiv-
alent to d∞, looking like e. g. in [2].
Note also that proofs in [28] do not use tools concerned with the Baker-Campbell-
Hausdorff formula.
5 Differentiability
Let (X, dX, δ) and (Y, dY, δ˜) be two quasimetric spaces with strong nondegenerate dilation
structures. In this section we denote the local group Gx at x ∈ X (Gy at y ∈ Y ) by the
symbol GxX (GyY). Quasimetrics on them will be denoted by dx and dy respectively.
Recall that a δ-homogeneous homomorphism of graded nilpotent groups G and G˜ with
one-parameter groups of dilations δ and δ˜ [18] respectively is a continuous homomorphism
L : G→ G˜ of these groups such that
L ◦ δ = δ˜ ◦ L.
The case of local graded nilpotent groups G and G˜ with one-parameter groups of
dilations δ and δ˜ respectively is different from this only in that the equality L ◦ δ(v) =
δ˜ ◦ L(v) holds only for v ∈ G and t > 0 such that δtv ∈ G and δ˜tL(v) ∈ G˜.
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Definition 17. Given two quasimetric spaces (X, dX, δ) and (Y, dY, δ˜) with strong uniform
nondegenerate dilation structures, and a set E ⊂ X. A mapping f : E → Y is called
δ-differentiable at a point g ∈ E if there exists a δ-homogeneous homomorphism L :(
GgX, dg
)
→
(
Gf(g)Y, df(g)
)
of the local nilpotent tangent cones such that
df(g)(f(v), L(v)) = o
(
dg(g, v)
)
as E ∩ GgX ∋ v → g. (5.1)
A δ-homogeneous homomorphism L :
(
GgX, dg
)
→
(
Gf(g)Y, df(g)
)
satisfying condition
(5.1), is called a δ-differential of the mapping f : E → Y at g ∈ E on E and is denoted
by Df(g). It can be proved like in [50, 51] that if E = X then the δ-differential is unique.
Moreover, it is easy to verify that a homomorphism L :
(
GgX, dg
)
→
(
Gf(g)Y, df(g)
)
satisfying (5.1) commutes with the one-parameter dilation group:
δ˜
f(g)
t ◦ L = L ◦ δ
g
t , (5.2)
i.e., L is δ-homogeneous homomorphism.
In the case of Carnot groups, the introduced concept of differentiability coincides with
the concept of P -differentiability given by P. Pansu in [42].
The following assertion is similar to the corresponding statement of [51, Proposition
2.3].
Proposition 15. Definition 17 is equivalent to each of the following assertions:
1) df(g)
(
δ˜
f(g)
t−1
f
(
δgt (v)
)
, L(v)
)
= o(1) as t→ 0, where o(·) is uniform in the points v of
any compact part of GgX;
2) df(g)(f(v), L(v)) = o
(
dX(g, v)
)
as E ∩ GgX ∋ v → g;
3) dY(f(v), L(v)) = o
(
dg(g, v)
)
as E ∩ GgX ∋ v → g;
4) dY(f(v), L(v)) = o
(
dX(g, v)
)
as E ∩ GgX ∋ v → g;
5) dY
(
f
(
δgt (v)
)
, L
(
δgt v
))
= o(t) as t→ 0, where o(·) is uniform in the points v of any
compact part of GgX.
Proof. Consider a point v of a compact part of GgX and a sequence εi → 0 as i→ 0 such
that δgεiv ∈ E for all i ∈ N. From (5.1) we have d
f(g)
(
f
(
δ˜gεiv
)
, L
(
δ˜gεiv
))
= o
(
dg
(
g, δgεiv
))
=
o(εi). In view of (5.2), we infer
df(g)
(
δ˜f(g)εi
(
δ˜
f(g)
ε−1i
f
(
δgεiv
))
, δ˜f(g)εi L(v)
)
= o(εi) uniformly in v.
From here, applying the cone property of Proposition 2, we obtain just item 1. Obviously,
the arguments are reversible. Item 1 is equivalent to item 5 since in view of (2.1) we have∣∣dY(δ˜f(g)εi (δ˜f(g)ε−1i f(δgεiv)), δ˜f(g)εi L(v))− df(g)(δ˜f(g)εi (δ˜f(g)ε−1i f(δgεiv)), δ˜f(g)εi L(v))∣∣
=
∣∣dY(δ˜f(g)εi (δ˜f(g)ε−1i f(δgεiv)), δ˜f(g)εi L(v))− o(εi)∣∣ = o(εi) uniformly in v. (5.3)
Item 5 implies item 3 and vice versa. By comparing the metrics: dg(g, v) = O
(
dX(g, v)
)
and dX(g, v) = O
(
dg(g, v)
)
, we obtain the equivalence of the items 3 and 4. The proof of
an equivalence of the items 4 and 2 is similar to (5.3).
Let us generalize the chain rule of paper [51].
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Theorem 8. Suppose that X,Y,Z are three quasimetric spaces with strong uniform non-
degenerate dilation structures, E is a set in X, and f : E → Y is a mapping from E
into Y δ-differentiable at a point g ∈ E. Suppose also that F is a set in Y, f(E) ⊂ Y
and ϕ : F → Z is a mapping from F into Z δ˜-differentiable at p = f(g) ∈ Y. Then the
composition ϕ ◦ f : E → Z is δ-differentiable at g and
D(ϕ ◦ f)(g) = Dϕ(p) ◦Df(g).
Proof. By hypothesis, df(g)(f(v), Df(g)(v)) = o
(
dg(g, v)
)
as v → g and also dϕ(p)(ϕ(w),
Dϕ(p)(w)) = o
(
dp(p, w)
)
as w → p. It follows that f is continuous in g ∈ E and ϕ is
continuous in p ∈ F . We now infer
dϕ(p)((ϕ ◦ f)(v), (Dϕ(p) ◦Df(g))(v))
≤ QZ
[
dϕ(p)(ϕ(f(v)), Dϕ(p)(f(v))) + dϕ(p)(Dϕ(p)(f(v)), Dϕ(p)(Df(g)(v)))
]
≤ o
(
dp(p, f(v))
)
+O
(
dp
(
f(v), Df(g)(v)
))
≤ o
(
dg(g, v)
)
+O
(
o
(
dg(g, v)
))
= o
(
dg(g, v)
)
as v → g,
since
dp
(
p, f(v)
)
≤ QY
[
dp
(
p,Df(g)(v)
)
+ dp
(
f(v), Df(g)(v)
)]
= O
(
dg(g, v)
)
+ o
(
dg(g, v)
)
= O
(
dg(g, v)
)
as v → g.
(The estimate dp
(
p,Df(g)(v)
)
= O
(
dg(g, v)
)
as v → g follows from the continuity of the
homomorphism Df(g) and (5.2).)
Remark 14. Note that the concept of differentiability for the quasiconformal map-
pings of Carnot-Carathe´odory manifolds was first suggested by Margulis and Mostow
in [32] and is essentially based on Mitchell’s paper [34]: A quasiconformal mapping
ϕ : M → N is differentiable at a point x0 in the sense of [32] if the family of mappings
ϕt : (M, tdM)→ (N, tdN) induced by the mapping ϕ : (M, dM)→ (N, dN) converges to a
horizontal homomorphism of the tangent cones at the points x0 ∈ M and ϕ(x0) ∈ N as
t → ∞ uniformly on compact sets. Unfortunately, this definition is not well suitable for
studying the differentials. The problem is that the tangent cone is a class of isometric
spaces. Dealing with differentials, one would prefer to know what happens in a fixed direc-
tion of a tangent space. In this context, in applications of differentials it is important to
know how a concrete representative of the tangent cone is geometrically and analytically
connected with the given (quasi)metric space.
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